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EXCEPTIONAL SEQUENCES AND
DRINFELD DOUBLE HALL ALGEBRAS
SHIQUAN RUAN AND HAICHENG ZHANG
Abstract. Let A be a finitary hereditary abelian category and D(A) be its re-
duced Drinfeld double Hall algebra. By giving explicit formulas in D(A) for left and
right mutations, we show that the subalgebras of D(A) generated by exceptional
sequences are invariant under mutation equivalences. As an application, we obtain
that if A is the category of finite dimensional modules over a finite dimensional
hereditary algebra, or the category of coherent sheaves on a weighted projective
line, the double composition algebra of A is generated by any complete exceptional
sequence. Moreover, for the Lie algebra case, we also have paralleled results.
1. Introduction
Exceptional objects and exceptional sequences have been studied in various con-
texts. The terminology “exceptional” was first used by Rudakov and his school [33]
when dealing with vector bundles on the complex projective plane P2, or more gen-
erally for del Pezzo surfaces. They proposed a useful way to construct exceptional
objects from given ones by means of left and right mutations. These mutation oper-
ators induce an action of the braid group Bn on the set of exceptional sequences of
length n. Bondal and Polishchuk conjectured in [4] that the semi-product of the braid
group Bn with Z
n acts transitively on the set of complete exceptional sequences for
any triangulated category which is generated by an exceptional sequence of length n.
For a finitary category A over an algebraically closed field, which is a hereditary
length category, Schofield [36] exhibited an algorithm to construct all exceptional ob-
jects in A. This algorithm is in fact effective for any field by Ringel [32]. By using
Schofield’s algorithm, Crawley-Boevey [6] showed that the braid group acts transi-
tively on the set of complete exceptional sequences in the module category of a finite
dimensional hereditary algebra over an algebraically closed field. A simplification of
the proof and a generalization to hereditary Artin algebras were given by Ringel [28].
Later on, Meltzer [21] proved the transitivity for the category of coherent sheaves
over a weighted projective line. More generally, the transitivity also holds for any
exceptional curve (cf. [16]).
Given a finitary hereditary abelian category A, we have the so-called Ringel–Hall
algebra H(A) [26, 27]. For a finite dimensional hereditary algebra A over a finite
field, which is of finite representation type, Ringel proved that H(A) := H(modA) is
isomorphic to the positive part of the quantized enveloping algebra associated to A.
For any hereditary algebra A, Green [11] introduced a bialgebra structure onH(A) and
showed that the composition subalgebra C(A) ofH(A) generated by simpleA-modules
gives a realization of the positive part of the corresponding quantized enveloping
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algebra. Based on works of Ringel and Green, Xiao [38] defined the antipode for
the extended Ringel–Hall algebra H˜(A) and proved that H˜(A) has a Hopf algebra
structure. Moreover, he showed that the reduced Drinfeld double Hall algebra of A
provideds a realization of the whole quantized enveloping algebra associated to A.
The exceptional objects play central roles in the connections of H(A) with Lie
theory. Indeed, as mentioned above, the composition subalgebra C(A) is defined
via simple A-modules, which form a complete exceptional sequence when suitably
ordered. Moreover, each exceptional module belongs to C(A) for any hereditary
algebra A by [41, 7]. But in general, an exceptional sequence may not provide building
blocks for C(A). The reason is that the simple generators can not be built from a
general exceptional sequence by using the Ringel–Hall multiplication. This problem
has been resolved in [7] by introducing new operators in H(A), the so-called left and
right derivations, to serve as a kind of “division”. However, the situation is different
at the level of categories. Namely, the subcategories generated by two mutation-
equivalent exceptional sequences (in the same orbit under the action of the braid
group) always coincide, see for instance [6].
The purpose of this paper is to establish a framework rather than H(A) in which
mutation-equivalent exceptional sequences play the same role. We intend to deal with
the reduced Drinfeld double Hall algebra D(A), which can be roughly thought as two
copies of H(A). In fact, we will show that the subalgebras of D(A) generated by
mutation-equivalent exceptional sequences coincide. This follows from explicit ex-
pressions of mutation formulas in D(A), see Propositions 3.2 and 3.3. These formulas
give an accurate recursive algorithm in D(A) to express each exceptional object in
terms of any given complete exceptional sequence. In particular, for a finite dimen-
sional hereditary algebra A, we obtain the explicit recursion formulas in D(A) to
express each exceptional module via simple modules. We remark that the results in
[37] imply that the derived Hall algebra of A, which can be thought as infinite copies
of H(A), also fits our desired framework.
The paper is organized as follows. Section 2 gives a brief review on Ringel–Hall
algebras and their Drinfeld doubles, as well as the braid group action on the set of
exceptional sequences. The main results of this paper are stated in Section 3, but
two alternative proofs of Proposition 3.2 are given in Sections 5 and 6 respectively.
In Section 4 we treat the projective line case as a typical example, and in Section
7, we give the paralleled results in Lie algebra case. The last section includes some
applications.
Throughout the paper, let k be a finite field with q elements, and v =
√
q. Let
A be a finitary (essentially small, Hom-finite) hereditary abelian k-category, and we
always assume that the endomorphism ring EndAX for each indecomposable object
X ∈ A is local. For each object X ∈ A and positive integer n, we denote by nX the
direct sum of n copies of X. Let P be the set of isoclasses (isomorphism classes)
[M ] of objects M in A, and indA be the complete set of indecomposable objects in
A. We choose a representative Vα ∈ α for each α ∈ P. Let λ1, λ2 ∈ P, we denote
by Vλ1+λ2 the direct sum Vλ1 ⊕ Vλ2 . Let K(A) denote the Grothendieck group of A,
and we denote by r = rA the rank of K(A). We write Mˆ ∈ K(A) for the class of an
object M ∈ A. For a finite set X, we denote by |X| its cardinality. For each λ ∈ P
we denote by aλ the cardinality of the automorphism group of Vλ. Let A be always
a finite dimensional hereditary k-algebra, and denote by modA the category of finite
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dimensional (left) A-modules. X is always a weighted projective line over k, and we
denote by coh-X the category of coherent sheaves on X.
2. Preliminaries
In this section, we review the definitions of Hall algebras, exceptional sequences
and quantum binomial coefficients, and collect some necessary known results. Let A
be a finitary hereditary abelian k-category.
2.1. Drinfeld double Hall algebras. Given objects A,B ∈ A, let
〈A,B〉 = dimkHomA(A,B)− dimkExt1A(A,B).
This descends to a bilinear form
〈−,−〉 : K(A)×K(A) −→ Z,
known as the Euler form. The symmetric Euler form (−,−) is given by (α, β) =
〈α, β〉 + 〈β, α〉 for any α, β ∈ K(A).
The Ringel–Hall algebra H(A) is by definition the C-vector space with the basis
{uα|α ∈ P} and with the multiplication given by uαuβ = v〈α,β〉
∑
λ∈P g
λ
αβuλ for all
α, β ∈ P, where gλαβ is the number of subobjects X of Vλ such that Vλ/X and X lie
in the isoclasses α and β, respectively. By Riedtmann-Peng formula [24, 22],
gλαβ =
|Ext1A(Vα, Vβ)Vλ |
|HomA(Vα, Vβ)|
· aλ
aαaβ
,
where Ext1A(Vα, Vβ)Vλ denotes the subset of Ext
1
A(Vα, Vβ) consisting of equivalence
classes of exact sequences in A of the form 0→ Vβ → Vλ → Vα → 0.
Let K = C[K(A)] be the group algebra of the Grothendieck group K(A). We
denote by Kα (resp. KM ) the element of K corresponding to the class α ∈ K(A)
(resp. the object M ∈ A). The extended Ringel–Hall algebra is the vector space
H˜(A) := H(A) ⊗C K with the structure of an algebra (containing H(A) and K as
subalgebras) by imposing the relations
KαuM = v
(α,Mˆ)uMKα, for any α ∈ K(A),M ∈ A,
where and elsewhere we write uM for u[M ] if M is an object in A. Green [11] intro-
duced a topological bialgebra structure on H˜(A) by defining the comultiplication as
follows:
∆(uλKγ) =
∑
α,β∈P
v〈α,β〉
aαaβ
aλ
gλαβuαKβ+γ ⊗ uβKγ , for any λ ∈ P, γ ∈ K(A).
Moreover, there exists the so-called Green’s pairing (−,−) : H˜(A)×H˜(A)→ C given
by the formula
(uλKα, uλ′Kβ) =
δλ,λ′
aλ
v−(α,β).
This pairing is non-degenerate and satisfies that (ab, c) = (a⊗b,∆(c)) for any a, b, c ∈
H˜(A). That is, it is a Hopf pairing.
Now we introduce the reduced Drinfeld double of the topological bialgebra H˜(A).
For this let H˜±(A) be two copies of H˜(A) viewed as algebras, and write their basis
as {u±λKγ |λ ∈ P, γ ∈ K(A)}, and the comultiplications are given by
∆(u±λKγ) =
∑
α,β∈P
v〈α,β〉
aαaβ
aλ
gλαβu
±
αK±β+γ ⊗ u±βKγ .
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The Drinfeld double of the topological bialgebra H˜(A) with respect to the Green’s
pairing (−,−) is the associative algebra D˜(A), defined as the free product of algebras
H˜+(A) and H˜−(A) subject to the following relations D(a, b) for all a, b ∈ H˜(A):∑
(a1, b2)b
+
1 ∗ a−2 =
∑
(a2, b1)a
−
1 ∗ b+2 ,(2.1)
where we write ∆(c±) =
∑
c±1 ⊗ c±2 in the Sweedler’s notation for c ∈ H˜(A) (see
for example [5]). The reduced Drinfeld double D(A) is the quotient of D˜(A) by the
two-sided ideal
I = 〈Kα ⊗ 1− 1⊗K−α, α ∈ K(A)〉.
For each object M ∈ A and t ∈ Z, we sometimes also write K±tM for K±tMˆ . We
have the following fundamental result of the reduced Drinfeld double Hall algebras
for finitary hereditary abelian categories due to Cramer.
Theorem 2.1. ([8]) Let A and B be two finitary hereditary abelian k-categories such
that there exists an equivalence of triangulated categories F : Db(A) ∼= Db(B). Then
there is an algebra isomorphism Φ : D(A) ∼= D(B) uniquely determined by the fol-
lowing property. For any α ∈ K(A), we have Φ(Kα) = KF (α). Next, for any object
M ∈ A such that F (M) = N [−n] with N ∈ B and n ∈ Z, we have
Φ(u±M ) = v
−n〈N,N〉u±n¯N K
±n
N ,
where n¯ = + (resp. −) if n is even (resp. odd).
2.2. Exceptional sequences. An object Vα ∈ A is called exceptional if Ext1A(Vα, Vα)
vanishes and EndAVα is a skew field. In our case, it is a field. A pair (Vα, Vβ) of ex-
ceptional objects in A is called exceptional provided
HomA(Vβ, Vα) = Ext
1
A(Vβ, Vα) = 0.
A sequence (Vα1 , Vα2 , · · · , Vαr ) of exceptional objects in A is called exceptional pro-
vided any pair (Vαi , Vαj ) with 1 ≤ i < j ≤ r is exceptional. It is said to be complete if
r = rA, the rank of the Grothendieck group K(A). For any exceptional pair (Vα, Vβ),
let C (Vα, Vβ) be the smallest full subcategory of A which contains the objects Vα, Vβ ,
and is closed under kernels, cokernels and extensions. As an exact extension-closed full
subcategory of A, C (Vα, Vβ) is itself abelian and hereditary, which is derived equiv-
alent to the module category modΛ, where and elsewhere Λ is a finite dimensional
hereditary k-algebra with two isoclasses of simple modules ([13, 14, 17]).
According to [3, 6, 7, 28], for any exceptional pair (Vα, Vβ), there exist unique ob-
jects L(α, β) and R(α, β) with the property that (L(α, β), Vα) and (Vβ, R(α, β)) are
both exceptional pairs in A. The objects L(α, β) and R(α, β) are called the left muta-
tion and right mutation of (Vα, Vβ), respectively. Moreover, if E = (Vα1 , Vα2 , · · · , Vαr )
is an exceptional sequence, for 1 ≤ i < r, we define
LiE := (Vα1 , · · · , Vαi−1 , L(αi, αi+1), Vαi , Vαi+2 , · · · , Vαr),
RiE := (Vα1 , · · · , Vαi−1 , Vαi+1 , R(αi, αi+1), Vαi+2 , · · · , Vαr ).
Then LiE and RiE are both exceptional sequences.
Recall that the braid group Br in r − 1 generators σ1, σ2, · · · , σr−1 is the group
with these generators and the relations σiσi+1σi = σi+1σiσi+1 for all 1 ≤ i < r − 1
and σiσj = σjσi for j ≥ i+ 2. The braid group Br acts on the set of all exceptional
sequences of length r via σiE := LiE and σ−1i E := RiE . Two exceptional sequences
of length r are said to be mutation equivalent if they belong to the same Br-orbit.
EXCEPTIONAL SEQUENCES AND DRINFELD DOUBLE HALL ALGEBRAS 5
2.3. Quantum binomial coefficients. In Hall algebras, the following notations and
relations are frequently-used. Let i, l be two nonnegative integers and 0 ≤ i ≤ l, set
[l] =
vl − v−l
v − v−1 , [l]! =
l∏
t=1
[t],
[
l
i
]
=
[l]!
[i]![l − i]! ,
and
|l] = q
l − 1
q − 1 , |l]! =
l∏
t=1
|t],
∣∣ l
i
]
=
|l]!
|i]!|l − i]! .
Then |l] = vl−1[l], |l]! = v
(
l
2
)
[l]!,
∣∣ l
i
]
= vi(l−i)
[
l
i
]
. For a polynomial f ∈Z[v, v−1] and
a positive integer d, we denote by f(v)d the polynomial obtained from f by replacing
v by vd.
The following lemma is well-known (see for example [30]).
Lemma 2.2. For any integer l > 0,
l∑
i=0
(−1)ivi(i−1) ∣∣ li ] = 0.(2.2)
For any exceptional object Vλ ∈ A, set u±(t)λ = (1/[t]!ǫ(λ))u±tλ in the reduced Drinfeld
double Hall algebra D(A), where ǫ(λ) = dimkEndAVλ. We have the identity u±(t)λ =
(vǫ(λ))t(t−1)u±tλ.
3. Main results
In this section we state our main results of this paper. For any exceptional sequence
E = (Vα1 , Vα2 , · · · , Vαr ) in A, we denote by DE(A) the subalgebra of D(A) generated
by the elements {u±αi ,Kαi |1 ≤ i ≤ r}, and call DE(A) the subalgebra generated by E .
Theorem 3.1. Let A be a finitary hereditary abelian k-category. If two exceptional
sequences E1 and E2 are mutation equivalent, then DE1(A) = DE2(A).
Proof. Let r be the length of ǫ1 and ǫ2. By induction, we assume that E2 is obtained
from E1 by one step left mutation (resp. one step right mutation), i.e., E2 = Li(E1)
(resp. E2 = Ri(E1)) for some 1 ≤ i ≤ r−1. Moreover, by the definitions of Li and Ri,
we know that E1 and E2 only differ in two components. Thus we assume that E1 and E2
have length r = 2 without loss of generality. In this case, by [13, 14, 17] we know that
the category C (Ei) is derived equivalent to modΛ for some hereditary k-algebra Λ with
two isoclasses of simple modules for i = 1, 2. By Cramer’s Theorem 2.1, which states
that the Drinfeld double Hall algebra is derived invariant, we further assume that
C (E1) is just modΛ. Now the result follows from Proposition 3.2 (resp. Proposition
3.3), which gives an explicit expression of u±γ for the left mutation L(α, β) = Vγ (resp.
of u±λ for the right mutation R(α, β) = Vλ) in u
±
α , u
±
β ,K±α,K±β for any exceptional
pair (Vα, Vβ) in modΛ. 
Let (Vα, Vβ) be an exceptional pair in modΛ. Denote by ǫ(α) = 〈α,α〉, ǫ(β) =
〈β, β〉, and
n(α, β) =
〈α, β〉
〈α,α〉 , m(α, β) =
〈α, β〉
〈β, β〉 , n = |n(α, β)|, m = |m(α, β)|.
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The following two propositions provide explicit formulas in the reduced Drinfeld dou-
ble Hall algebra for the left mutation and right mutation respectively.
Proposition 3.2. Let (Vα, Vβ) be an exceptional pair in modΛ with the left mutation
L(α, β) = Vγ.
(i) If 〈α, β〉 ≤ 0, then
u±γ =
n∑
j=0
(−1)j(vǫ(α))n−ju±(n−j)α u±β u±(j)α ;
(ii) If ndimVα > dimVβ, then
u±γ = v
ǫ(β)K±β
n∑
j=0
(−1)j(vǫ(α))−(n−1)(n−j)u±(n−j)α u∓β u±(j)α ;
(iii) If 0 < ndimVα < dimVβ, then
u±γ = K∓nα
n∑
j=0
(−1)j(vǫ(α))−(n−1)(n−j)u∓(n−j)α u±β u∓(j)α .
Proposition 3.3. Let (Vα, Vβ) be an exceptional pair in modΛ with the right mutation
R(α, β) = Vλ.
(i) If 〈α, β〉 ≤ 0, then
u±λ =
m∑
j=0
(−1)j(vǫ(β))m−ju±(j)β u±αu
±(m−j)
β ;
(ii) If mdimVβ > dimVα, then
u±λ = v
ǫ(α)
m∑
j=0
(−1)j(vǫ(β))−(m−1)(m−j)u±(j)β u∓αu±(m−j)β K∓α;
(iii) If 0 < mdimVβ < dim Vα, then
u±λ =
m∑
j=0
(−1)j(vǫ(β))−(m−1)(m−j)u∓(j)β u±αu∓(m−j)β K±mβ .
Let DE (A) be the subalgebra of D(A) generated by all Kα, α ∈ K(A), and all u±λ
corresponding to exceptional objects Vλ in A. We call DE (A) the double composition
algebra of A.
Proposition 3.4. Let A and B be two finitary hereditary abelian k-categories. If A
and B are derived equivalent, then DE (A) ∼= DE (B).
Proof. By Cramer’s Theorem 2.1, the derived equivalence between A and B implies
an isomorphism between their Drinfeld double Hall algebras. Moreover, note that the
derived equivalence preserves exceptional objects in both categories. Thus DE (A) ∼=
DE (B). This finishes the proof. 
Theorem 3.5. Let A be a finitary hereditary abelian k-category. Assume that A
satisfies the following conditions:
(i) there exists a complete exceptional sequence in A;
(ii) the action of the braid group Br on the set of complete exceptional sequences
in A is transitive;
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(iii) for any exceptional object E ∈ A, there exists a complete exceptional sequence
E ′ in A such that E ∈ E ′.
Then for any complete exceptional sequence E in A, DE (A) = DE(A).
Proof. Obviously, by definition we have an inclusion DE(A) ⊆ DE (A). To finish the
proof we only need to show that for each exceptional object E in A, the generator
u±E of DE (A) belongs to DE(A). For this, choose a complete exceptional sequence E ′
in A such that E ∈ E ′. By transitivity we obtain that DE (A) = DE ′(A) according to
Theorem 3.1. This finishes the proof. 
Corollary 3.6. Let A = modA for some finite dimensional hereditary algebra A or
A = coh-X for some weighted projective line X. Then for any complete exceptional
sequence E in A, DE (A) = DE (A).
Proof. By [6, 28] and [16] we know that A satisfies the conditions in Theorem 3.5 in
both cases. This finishes the proof. 
Remark 3.7. (1) In the case A = modA, the simple A-modules form a complete
exceptional sequence when suitably ordered. Hence the double composition algebra
of A can be defined via simple modules, which in fact has been adopted as its original
definition, see for example [27, 38]. Moreover, in this case, the above result is closely
related to [7, Corollary 5.3]. For this we only need to observe that, under the natural
embedding
H(A) →֒ D(A);uα 7→ u+α , α ∈ P,
the left and right derivations iδ, δi of H(A) associated to each simple A-module Si are
related to the adjoint operator [u−i ,−] (see for example [20, Proposition 3.1.6]).
(2) In the case A = coh-X, the double composition algebra DE (A) appears in
different contexts, which will be discussed in detail in Subsection 8.3.
4. Typical example
In this section, we consider A as the category coh-P1 of coherent sheaves on the
projective line P1 over k. The Ringel–Hall of coh-P1 has been widely studied, which
are closely related to the quantum affine algebra Uv(sˆl2), see for example [15, 1, 35, 5].
This is our original example for Theorem 3.1, and the content in this section itself is
of interest.
For the category coh-P1, it is well-known that the exceptional objects coincide
with the indecomposable vector bundles, which are all line bundles by [12] and hence
have the form O(i), i ∈ Z. Moreover, each exceptional pair in coh-P1 has the form
(O(i),O(i+1)), i ∈ Z. In this case n = n(O(i),O(i+1)) = 2 and m = m(O(i),O(i+
1)) = 2. The left (resp. right) mutation of (O(i),O(i+1)) is O(i−1) (resp. O(i+2)),
which comes from the following Auslander–Reiten sequence for j = i (resp. j = i+1):
0 −→ O(j − 1) −→ O(j)⊕O(j) −→ O(j + 1) −→ 0.
We will give explicit expressions in the reduced Drinfeld double Hall algebra of
coh-P1 for the elements u±O(i−1) and u
±
O(i+2) corresponding to the left and right mu-
tations of the exceptional pair (O(i),O(i + 1)) respectively.
Recall from [35] that for any j ∈ Z,
∆(u±O(j)) = u
±
O(j) ⊗ 1 +K±O(j) ⊗ u±O(j) +
∑
k>0
Θ±kK
±
O(j−k) ⊗ u±O(j−k).
(4.1)
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The elements Θ±k , k ≥ 0 play important roles in the study of D(coh-P1), for its
concrete definition we refer to [35, Example 4.12]. We emphasize that Θ±1 = (v −
v−1)
∑
S∈S1
u±S , where S1 denotes the set of torsion sheaves of degree one, and |S1| =
q + 1. Let δ = Ô(1)− Ô. Then
∆(Θ±1 ) = Θ
±
1 ⊗ 1 +K±δ ⊗Θ±1 and (Θ+1 ,Θ−1 ) = q − q−1.(4.2)
Proposition 4.1. For any i ∈ Z,
u±O(i−1) = K
±
O(i+1)
2∑
j=0
(−1)jvj−1u±(2−j)O(i) u∓O(i+1)u
±(j)
O(i) .
Proof. By duality, we only show the formula for u+O(i−1). Using (4.1) and (4.2), we
obtain that
u+O(i)u
−
O(i+1) = u
−
O(i+1)u
+
O(i) +Θ
−
1 K
−
O(i)(u
+
O(i), u
−
O(i))
= u−O(i+1)u
+
O(i) + (q − 1)−1Θ−1 K−O(i),
and
u+O(i)Θ
−
1 = Θ
−
1 u
+
O(i) +K−δu
+
O(i−1)(Θ
+
1 KO(i−1),Θ
−
1 )
= Θ−1 u
+
O(i) + (q − q−1)K−δu+O(i−1).
Hence, Θ−1 = (q − 1)[u+O(i), u−O(i+1)]KO(i) and u+O(i−1) = (q − q−1)−1Kδ[u+O(i),Θ−1 ].
Observing that Kδ is central and KO(i)Kδ = KO(i+1), we obtain that
u+O(i−1) = KO(i+1)(v
−1u
+(2)
O(i)u
−
O(i+1) − u+O(i)u−O(i+1)u+O(i) + vu−O(i+1)u
+(2)
O(i) ).

Proposition 4.2. For any i ∈ Z,
u±O(i+2) =
2∑
j=0
(−1)jvj−1u±(j)O(i+1)u∓O(i)u
±(2−j)
O(i+1)K
∓
O(i).
Proof. By duality, we only show the formula for u+O(i+2). Using similar arguments as
those in the proof of Proposition 4.1, the element Θ+1 can be expressed by the elements
in D(coh-P1) corresponding to the exceptional pair (O(i),O(i + 1)) as follows:
Θ+1 = (q − 1)[u−O(i), u+O(i+1)]K−O(i).
On the other hand, by definition Θ+1 = (v − v−1)
∑
S∈S1
u+S , and for any S ∈ S1,
g
O(i)⊕S
O(i),S = g
O(i+2)
S,O(i+1) = 1, g
S⊕O(i+1)
S,O(i+1) = q.
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Hence,
Θ+1 u
+
O(i+1) = (v − v−1)
∑
S∈S1
u+S u
+
O(i+1)
= (v − v−1)
∑
S∈S1
v〈S,O(i+1)〉(qu+S⊕O(i+1) + u
+
O(i+2))
= (v − v−1)
∑
S∈S1
(vu+S⊕O(i+1) + v
−1u+O(i+2))
= (v − v−1)
∑
S∈S1
u+
O(i+1)
u+S + (1− q−1)
∑
S∈S1
u+
O(i+2)
= u+O(i+1)Θ
+
1 + (1− q−1)(1 + q)u+O(i+2).
Therefore,
u+O(i+2) = (1− q−1)−1(1 + q)−1[Θ+1 , u+O(i+1)]
= q(1 + q)−1[[u−O(i), u
+
O(i+1)]K
−
O(i), u
+
O(i+1)]
= (vu
+(2)
O(i+1)u
−
O(i) − u+O(i+1)u−O(i)u+O(i+1) + v−1u−O(i)u
+(2)
O(i+1))K
−
O(i).

5. The first proof for Proposition 3.2
In this section, we present a fundamental proof for Proposition 3.2 by using ex-
plicit comultiplicatin formulas in the reduced Drinfeld double Hall algebra D(Λ) :=
D(modΛ) of the module category modΛ.
For the exceptional pair (Vα, Vβ) in modΛ, if 〈α, β〉 ≤ 0, then (Vα, Vβ) are two
simple modules in modΛ, where Vβ is the simple projective module and Vα is the
simple injective module. In this case, the formula in Proposition 3.2 (i) is well-known,
see for example [7, Proposition 4.3.3]. Hence we only need to prove the statements of
Proposition 3.2 (ii) and (iii) in the following, in which case n = n(α, β).
5.1. The case of ndimVα > dimVβ. That is, (Vα, Vβ) are the slice modules in the
preprojective or preinjective component of modΛ. The left mutation Vγ of (Vα, Vβ) is
given by the following Auslander–Reiten sequence by [7]
0→ Vγ → Vnα → Vβ → 0.
We have the following result:
Lemma 5.1. ([7]) If f : Vnα → Vβ is an epimorphism, then Kerf ∼= Vλi ⊕ Viα with
0 ≤ i ≤ n− 1, where Vλ0 ∼= Vγ . Moreover, each Vλi is a submodule of Vγ and has no
direct summands which are isomorphic to Vα.
We will give the proof of Proposition 3.2 (ii) by considering whether (Vα, Vβ) lies
in the preinjective component or in the preprojective. We only give the proof for the
result of u+γ , since the formula for u
−
γ can be obtained dually.
5.1.1. (Vα, Vβ) lies in the preinjective component. In this case, for any 1 ≤ j ≤ n,
each non-zero morphism from Vjα to Vβ is an epimorphism, whose kernel has similar
description as above:
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Lemma 5.2. Let 1 ≤ j ≤ n and f : Vjα → Vβ be an epimorphism, then Ker(f) ∼=
Vλj,i ⊕Viα for some 0 ≤ i ≤ j− 1, where Vλj,i contains no direct summands which are
isomorphic to Vα, and it fits into the following exact sequence
0 // Vλj,i
// V(j−i)α // Vβ // 0.
Moreover, [Ext1Λ(Vβ , Vλj,i) : EndΛVβ] = 1.
Proof. For the epimorphism f : Vjα → Vβ, we have the exact sequence
0 // Kerf ⊕ V(n−j)α // Vjα ⊕ V(n−j)α
(f0)
// Vβ // 0.
Then in a similar way to [7, Lemma 4.1.2], we can prove the first statement. Since
HomΛ(Vβ , Vλj,i) = 0, we obtain that 〈Vβ, Vλj,i〉 = −dimkExt1Λ(Vβ , Vλj,i). On the
other hand, 〈Vβ, Vλj,i〉 = 〈β, (j − i)α − β〉 = −ǫ(β) = −dimkEndΛ(Vβ). Hence,
[Ext1Λ(Vβ, Vλj,i) : EndΛVβ ] = 1. 
Lemma 5.3. Let 0 ≤ j ≤ n− 1. Then
u+
(n−j)α
u−β = u
−
β u
+
(n−j)α
+
n−j−1∑
i=0
∑
λn−j,i:g
(n−j−i)α
β,λn−j,i
6=0
v−ǫ(β)K−βu
+
λn−j,i+iα
.
Proof. Note that
∆(u−β ) = u
−
β ⊗ 1 +K−β ⊗ u−β + else
and
∆(u+(n−j)α) = u
+
(n−j)α⊗1+K(n−j)α⊗u+(n−j)α+
∑
v−ǫ(β)an−ju
+
βK(n−j)α−β⊗u+kn−j+else,
where the sum on the right-hand side is taken over all the isoclasses kn−j ’s satisfying
g
(n−j)α
β,kn−j
6= 0, and by Lemma 5.2, 〈β, kn−j〉 = 〈β, (n − j)α− β〉 = −ǫ(β) and
an−j =
|Ext1Λ(Vβ, Vλn−j,i ⊕ Viα)V(n−j)α |
|HomΛ(Vβ , Vλn−j,i ⊕ Viα)|
=
|Ext1Λ(Vβ, Vλn−j,i)V(n−j−i)α |
|HomΛ(Vβ , Vλn−j,i)|
= qǫ(β) − 1.
Thus, by (2.1) we obtain the desired identity. 
Lemma 5.4. Let 0 ≤ j ≤ n− 1. Then
u+(n−j)αu
−
β u
+
jα = (v
ǫ(α))j(n−j) | nj ]u−β u+nα +
(vǫ(α))j(n−j)
n−j−1∑
i=0
∑
λn−j,i:g
(n−j−i)α
β,λn−j,i
6=0
v−ǫ(β)K−β
∣∣∣ i+jj
]
u+λn−j,i+(i+j)α.
Proof. Observing that
u+(n−j)αu
+
jα = (v
ǫ(α))j(n−j)gnα(n−j)α,jαu
+
nα = (v
ǫ(α))j(n−j) | nj ]u+nα
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and
u+λn−j,i+iαu
+
jα = v
〈(n−j)α−β,jα〉g
λn−j,i+(i+j)α
λn−j,i+iα,jα
u+λn−j,i+(i+j)α
= (vǫ(α))j(n−j)g
(i+j)α
iα,jα u
+
λn−j,i+(i+j)α
= (vǫ(α))j(n−j)
∣∣∣ i+jj
]
u+λn−j,i+(i+j)α,
we finish the proof by Lemma 5.3. 
Proof of Proposition 3.2 (ii) for the preinjective case:
n∑
j=0
(−1)j(vǫ(α))−(n−1)(n−j)u+(n−j)α u−β u+(j)α
=
n∑
j=0
(−1)j(vǫ(α))−(n−1)(n−j)+(n−j)(n−j−1)+j(j−1)u+(n−j)αu−β u+jα
=
n∑
j=0
(−1)j(vǫ(α))j(j−1)−j(n−j)u+(n−j)αu−β u+jα
=(
n∑
j=0
(−1)j(vǫ(α))j(j−1) | nj ])u−β u+nα +
v−ǫ(β)K−β
n−1∑
j=0
n−1−j∑
i=0
(−1)j(vǫ(α))j(j−1)
∣∣∣ i+jj
] ∑
λn−j,i:g
(n−j−i)α
β,λn−j,i
6=0
u+λn−j,i+(i+j)α.
By Lemma 2.2 the first term in the final equation vanishes. Moreover, let i + j = t,
then using
∑n−1
j=0
∑n−1−j
i=0 =
∑n−1
t=0
∑t
j=0 we obtain that
n∑
j=0
(−1)j(vǫ(α))−(n−1)(n−j)u+(n−j)α u−β u+(j)α
=v−ǫ(β)K−β
n−1∑
t=0
t∑
j=0
(−1)j(vǫ(α))j(j−1) ∣∣ tj ] ∑
λn−j,t−j :g
(n−t)α
β,λn−j,t−j
6=0
u+λn−j,t−j+tα
t=0
==v−ǫ(β)K−βu
+
γ ,
where we have used Lemma 2.2 again for any t 6= 0 in the last equation above. This
finishes the proof.
5.1.2. (Vα, Vβ) lies in the preprojective component.
Lemma 5.5. Let 1 ≤ j ≤ n− 1, and
0 // Vjα
ψ
// Vβ
ϕ
// Vcj
// 0(5.1)
be a short exact sequence in modΛ. Then
(1) HomΛ(Vβ , Vcj)
∼= EndΛVβ ∼= EndΛVcj ;
(2) Vcj is indecomposable, acj = aβ , and g
β
cj ,jα
= 1.
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Proof. Applying the functor HomΛ(Vβ,−) to the sequence (5.1), we obtain that
HomΛ(Vβ , Vcj)
∼= EndΛVβ.
Since Vβ is exceptional, EndΛVβ is a field. So HomΛ(Vβ , Vcj ) is an one-dimensional
vector space over EndΛVβ . Hence, Vcj is indecomposable, and thus EndΛVcj is a local
k-algebra. We claim that EndΛVcj is a field. Indeed, for any 0 6= b ∈ EndΛVcj , there
exists g ∈ EndΛVβ such that bϕ = ϕg. Clearly, g 6= 0, so g is an isomorphism. Suppose
that b is nilpotent, say bm = 0 for some positive integer m. Then ϕgm = bmϕ = 0,
and thus ϕ = 0. This is a contradiction.
Applying the functor HomΛ(−, Vcj) to the sequence (5.1), we have the following
exact sequence:
0 // EndΛVcj
ϕ∗
// HomΛ(Vβ, Vcj )
ψ∗
// HomΛ(Vjα, Vcj ) .
We claim that ψ∗ = 0. Indeed, for any f ∈ HomΛ(Vβ , Vcj ), we can write f = aϕ
for some a ∈ EndΛVβ, since HomΛ(Vβ , Vcj) is one-dimensional over EndΛVβ. So
ψ∗f = fψ = aϕψ = 0. Hence, EndΛVcj
∼= HomΛ(Vβ , Vcj ). Thus, EndΛVcj ∼= EndΛVβ
as fields, and then acj = aβ.
Since HomΛ(Vβ , Vcj) as an EndΛVcj -vector space is one-dimensional, it is easy to
see that gβcj ,jα = 1. 
Lemma 5.6. Let 1 ≤ j ≤ n− 1. Then
u+(n−j)αu
−
β = u
−
β u
+
(n−j)α +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))−i(n−j)u−ciK−iαu
+
(n−j−i)α.
Proof. Note that
∆(u−β ) = u
−
β ⊗ 1 +K−β ⊗ u−β +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
biu
−
ciK−iα ⊗ u−iα + else,
where
bi = v
〈β−iα,iα〉gβci,iα
aciaiα
aβ
= (vǫ(α))−i
2
aiα.
On the other hand, we have
∆(u+(n−j)α) = u
+
(n−j)α ⊗ 1 +
n−j−1∑
i=1
aiu
+
(n−j−i)αKiα ⊗ u+iα +K(n−j)α ⊗ u+(n−j)α + else,
where
ai = (v
ǫ(α))(n−j−i)i
|Ext1Λ(V(n−j−i)α, Viα)V(n−j)α |
|HomΛ(V(n−j−i)α, Viα)|
= (vǫ(α))(n−j−i)i/(qǫ(α))(n−j−i)i
= (vǫ(α))−(n−j−i)i.
EXCEPTIONAL SEQUENCES AND DRINFELD DOUBLE HALL ALGEBRAS 13
Hence, by (2.1), we obtain that
u+(n−j)αu
−
β = u
−
β u
+
(n−j)α +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
bian−j−ia
−1
iα u
−
ciK−iαu
+
(n−j−i)α
= u−β u
+
(n−j)α +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))−i
2−(n−j−i)iu−ciK−iαu
+
(n−j−i)α
= u−β u
+
(n−j)α +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))−i(n−j)u−ciK−iαu
+
(n−j−i)α.

Lemma 5.7.
u+nαu
−
β = u
−
β u
+
nα +
n−1∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))−niu−ciK−iαu
+
(n−i)α
+ v−ǫ(β)K−βu
+
γ .
Proof. Note that
∆(u−β ) = u
−
β ⊗ 1 +K−β ⊗ u−β +
n−1∑
i=1
∑
ci:g
β
ci,iα
6=0
biu
−
ciK−iα ⊗ u−iα + else,
where bi = (v
ǫ(α))−i
2
aiα. Moreover,
∆(u+nα) = u
+
nα ⊗ 1 +
n−1∑
i=1
aiu
+
(n−i)α
Kiα ⊗ u+iα +Knα ⊗ u+nα + a˜0u+βKγ ⊗ u+γ + else,
where ai = (v
ǫ(α))−(n−i)i, and a˜0 = v
〈β,nα−β〉 |Ext
1
Λ(Vβ ,Vγ)Vnα |
|HomΛ(Vβ ,Vγ)|
= v−ǫ(β)(qǫ(β)−1). Hence,
by (2.1), we obtain the desired identity. 
Lemma 5.8. Let 1 ≤ j ≤ n− 1. Then u+(n−j)αu−β u+jα =
(vǫ(α))j(n−j) | nj ]u−β u+nα +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))j(n−j)−ni
∣∣ n−i
j
]
u−ciK−iαu
+
(n−i)α.
Proof. For any positive integers i and j,
u+iαu
+
jα = (v
ǫ(α))ijg
(i+j)α
iα,jα u
+
(i+j)α = (v
ǫ(α))ij
∣∣∣ i+jj
]
u+(i+j)α.
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Hence, by Lemma 5.6, we obtain that
u+(n−j)αu
−
β u
+
jα = u
−
β u
+
(n−j)αu
+
jα +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))−i(n−j)u−ciK−iαu
+
(n−j−i)αu
+
jα
=(vǫ(α))j(n−j) | nj ]u−β u+nα +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))−i(n−j)+(n−j−i)j
∣∣ n−i
j
]
u−ciK−iαu
+
(n−i)α
=(vǫ(α))j(n−j) | nj ]u−β u+nα +
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))j(n−j)−ni
∣∣ n−i
j
]
u−ciK−iαu
+
(n−i)α.

Proof of Proposition 3.2 (ii) for the preprojective case: By Lemmas 5.7 and
5.8 we get
n∑
j=0
(−1)j(vǫ(α))−(n−1)(n−j)u+(n−j)α u−β u+(j)α
=
n∑
j=0
(−1)j(vǫ(α))j(j−1)−j(n−j)u+(n−j)αu−β u+jα
=(
n∑
j=0
(−1)j(vǫ(α))j(j−1) | nj ])u−β u+nα +
n−1∑
i=1
∑
ci:g
β
ci,iα
6=0
(vǫ(α))−niu−ciK−iαu
+
(n−i)α
+
n−1∑
j=1
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(−1)j(vǫ(α))j(j−1)−ni ∣∣ n−ij ]u−ciK−iαu+(n−i)α + v−ǫ(β)K−βu+γ .
For simplicity we denote the right-hand side of the last equality by R1+R2+R3+R4.
By Lemma 2.2 we have R1 = 0. In order to finish the proof it remains to show that
R2 +R3 = 0. In fact, by convention, we set u
−
cn = 0. Then
R2 +R3
=
n−1∑
j=0
n−j∑
i=1
∑
ci:g
β
ci,iα
6=0
(−1)j(vǫ(α))j(j−1)−ni ∣∣ n−ij ]u−ciK−iαu+(n−i)α (set t = n− i)
=
n−1∑
j=0
n−1∑
t=j
∑
cn−t:g
β
cn−t,(n−t)α
6=0
(−1)j(vǫ(α))j(j−1)−n(n−t)
∣∣ t
j
]
u−cn−tK−(n−t)αu
+
tα
=
n−1∑
t=0
t∑
j=0
(−1)j(vǫ(α))j(j−1) ∣∣ tj ] ∑
cn−t:g
β
cn−t,(n−t)α
6=0
(vǫ(α))−n(n−t)u−cn−tK−(n−t)αu
+
tα
=(vǫ(α))−n
2
u−cnK−nα (here we have used Lemma 2.2)
=0.
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5.2. The case of 0 < n(α, β)dim Vα < dimVβ. That is, (Vα, Vβ) are the two projec-
tive modules in modΛ with Vα simple projective. Moreover, Vγ is the simple injective
Λ-module which can be determined by an arbitrary short exact sequence of the form
0 −→ Vnα −→ Vβ −→ Vγ −→ 0.
In this case, Lemma 5.5 holds for 1 ≤ j ≤ n, and Lemmas 5.6 and 5.8 hold for
0 ≤ j ≤ n − 1. In particular, Vcn ∼= Vγ . Then the proof of Proposition 3.2 (iii) is
analogous to the proof of Proposition 3.2 (ii) for the preprojective case, which will be
omitted here.
Remark 5.9. Dually, Proposition 3.3 can be proved in a quite similar way.
6. The second proof for Proposition 3.2
In this section, we produce a short proof for Proposition 3.2, which benefits from
the explicit expression of Cramer’s isomorphism in Theorem 2.1.
For the same reason as that in Section 5, we only prove the statements (ii) and
(iii) in Proposition 3.2. Thus for the exceptional pair (Vα, Vβ) in modΛ, we assume
〈α, β〉 > 0 and then n = n(α, β). Denote by Db(C (Vα, Vβ)) the bounded derived
category of C (Vα, Vβ) with the translation functor [1].
6.1. The case of ndimVα > dim Vβ. Set Vβ′ = Vβ[−1] ∈ Db(C (Vα, Vβ)). Then
C (Vα, Vβ′) is derived equivalent to C (Vα, Vβ). By Cramer’s Theorem 2.1, we have the
isomorphism
Φ : D(C (Vα, Vβ′)) ∼= D(C (Vα, Vβ)),
which preserves u±α and u
±
γ , and sends u
±
β′ to v
−ǫ(β)u∓βK±β .
Note that Vα and Vβ′ are simple in C (Vα, Vβ′), and the left mutation L(Vα, Vβ′) =
Vγ , which is given by the standard exact sequence
0 −→ Vβ′ −→ Vγ −→ Vnα −→ 0.
By Proposition 3.2 (i), the following equality holds in D(C (Vα, Vβ′)):
u±γ =
n∑
j=0
(−1)j(vǫ(α))(n−j)u±(n−j)α u±β′u±(j)α .
Using Cramer’s isomorphism Φ, we obtain the following equality in D(C (Vα, Vβ)):
u±γ =
n∑
j=0
(−1)j(vǫ(α))(n−j)u±(n−j)α (v−ǫ(β)u∓βK±β)u±(j)α .
Notice that
u±(n−j)α u
∓
βK±βu
±(j)
α = v
(−β,(n−j)α−β)K±βu
±(n−j)
α u
∓
β u
±(j)
α
= v2ǫ(β)−n(n−j)ǫ(α)K±βu
±(n−j)
α u
∓
β u
±(j)
α .
Hence,
u±γ = v
ǫ(β)K±β
n∑
j=0
(−1)j(vǫ(α))−(n−1)(n−j)u±(n−j)α u∓β u±(j)α .
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6.2. The case of 0 < ndimVα < dimVβ. Set Vα′ = Vα[1]. Then C (Vα′ , Vβ) is
derived equivalent to C (Vα, Vβ). By Cramer’s Theorem 2.1, we have the isomorphism
Φ : D(C (Vα′ , Vβ)) ∼= D(C (Vα, Vβ)),
which preserves u±β and u
±
γ , and sends u
±
α′ to v
ǫ(α)u∓αK∓α.
Note that Vα′ and Vβ are simple in C (Vα′ , Vβ), and the left mutation L(Vα′ , Vβ) =
Vγ , which is given by the standard exact sequence
0 −→ Vβ −→ Vγ −→ nVα′ −→ 0.
By Proposition 3.2 (i), the following equality holds in D(C (Vα, Vβ′)):
u±γ =
n∑
j=0
(−1)j(vǫ(α))(n−j)u±(n−j)α′ u±β u±(j)α′ ,
since ǫ(α′) = ǫ(α). Using Cramer’s isomorphism Φ, we obtain the following equality
in D(C (Vα, Vβ)):
u±γ =
n∑
j=0
(−1)j(vǫ(α))(n−j)(vǫ(α)u∓αK∓α)
(n−j)
u±β (v
ǫ(α)u∓αK∓α)
(j)
.
Notice that for any positive integer t,
(vǫ(α)u∓αK∓α)
(t) = (vǫ(α))−t
2
K∓tαu
∓(t)
α .
Thus,
u±γ =
n∑
j=0
(−1)j(vǫ(α))(n−j)−(n−j)2−j2K∓(n−j)αu∓(n−j)α u±βK∓jαu∓(j)α .
Moreover, observe that
u∓(n−j)α u
±
βK∓jα =v
−(jα,(n−j)α−β)K∓jαu
∓(n−j)
α u
±
β
=(vǫ(α))−2j(n−j)+njK∓jαu
∓(n−j)
α u
±
β ,
and
(n− j)− (n− j)2 − j2 − 2j(n − j) + nj = −(n− 1)(n − j).
Hence,
u±γ = K∓nα
n∑
j=0
(−1)j(vǫ(α))−(n−1)(n−j)u∓(n−j)α u±β u∓(j)α .
Remark 6.1. Analogously, we can prove Proposition 3.3 by using Cramer’s Theorem
2.1.
7. The versions of Lie algebras
Let A be a finitary hereditary abelian k-category as before. Let Db(A) be the
bounded derived category of A with the suspension functor T . Denote by R(A) the
root category Db(A)/T 2. The automorphism T of Db(A) induces an automorphism
of R(A), denoted still by T . Then T 2 = 1 in R(A).
By using the Ringel–Hall algebra approach, Peng and Xiao [23] defined a Lie algebra
L(R) := L(R(A)) via the root category R(A). The nilpotent part of L(R) has a
basis {u[M ], u[TM ]|M ∈ indA}. To simplify the notation, in what follows we write
VTα := T (Vα) and uTα := uVTα for each α ∈ P. In this section we will show that the
main results in Section 3 also hold under the framework of L(R).
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Let (Vα, Vβ) be an exceptional pair in A. Recall that
n(α, β) =
〈α, β〉
〈α,α〉 , m(α, β) =
〈α, β〉
〈β, β〉 , n = |n(α, β)|, m = |m(α, β)|.
Now, let us recall the left mutation Lα(β) and right mutation Rβ(α) of (Vα, Vβ) in the
root categoryR(A) (see for example [3]). If (Vα, Vβ) is orthogonal, i.e., Hom(Vα, Vβ) =
0 = Hom(Vα, VTβ), then Lα(β) = VTβ and Rβ(α) = VTα. Otherwise, there exists
i = 0 or 1, such that Hom(Vα, VT iβ) 6= 0. In this case, the left and right mutations
are determined respectively by the following canonical triangles
VTβ // Lα(β) // nVT iα // Vβ
and
Vα // mVT iβ // Rβ(α) // VTα.
The following result provides explicit formulas in the Lie algebra L(R) for the left
mutation and right mutation respectively. For the proof we refer to [18, Proposition
7.3] (see also [31, 23]), where the proof is stated for tubular algebra cases, but it is in
fact effective more generally.
Proposition 7.1. Let A be a finitary hereditary abelian k-category. Let (Vα, Vβ) be
an exceptional pair in A with Hom(Vα, VT iβ) 6= 0 for i = 0 or 1. Then
(−1)n(n!)u[Lα(β)] = (aduT iα)nuTβ
and
(m!)u[Rβ(α)] = (aduT iβ)
muTα.
For any exceptional sequence E = (Vα1 , Vα2 , · · · , Vαr ) in A, the subalgebra gener-
ated by {uαi , uTαi |1 ≤ i ≤ r} is denoted by LE(R). As an immediate consequence of
Proposition 7.1, we have the following
Proposition 7.2. Let A be a finitary hereditary abelian k-category. If two exceptional
sequences E1 and E2 are mutation equivalent, then LE1(R) = LE2(R).
Let LE (R) be the subalgebra of L(R) generated by all u[M ]’s and u[TM ]’s with M
exceptional in A, which is called the composition Lie algebra of R(A). By definition, it
is easy to see that the composition Lie algebra is invariant under derived equivalences.
Moreover, in a similar way to the proof in Theorem 3.5, we obtain the following
Proposition 7.3. Assume the conditions in Theorem 3.5 hold. Then for each com-
plete exceptional sequence E in A, LE(R) = LE (R).
Remark 7.4. (1) In the case A = modA, the simple A-modules form a complete
exceptional sequence when suitably ordered. Hence the composition Lie algebra can
be defined via simple modules, which in fact has been adopted as its original definition,
see for example [25, 23].
(2) In the case A = coh-X, the composition Lie algebra is a nice model to realize
the loop algebra of the Kac–Moody algebra associated to X, for details we refer to
Subsection 8.4.
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8. Applications
8.1. Analogues of quantum Serre relations. We provide some analogues of quan-
tum Serre relations for any exceptional pair (Vα, Vβ) in A.
Proposition 8.1. Let (Vα, Vβ) be an exceptional pair in A,
(i) if 〈α, β〉 ≤ 0, then
n+1∑
j=0
(−1)ju±(n+1−j)α u±β u±(j)α = 0 =
m+1∑
j=0
(−1)ju±(m+1−j)β u±αu
±(j)
β ;
(ii) if 〈α, β〉 > 0, then
n+1∑
j=0
(−1)j(vǫ(α))nju±(n+1−j)α u∓β u±(j)α = 0 =
m+1∑
j=0
(−1)j(vǫ(β))−mju±(m+1−j)β u∓αu±(j)β .
Proof. If 〈α, β〉 ≤ 0, then (Vα, Vβ) are two relative simple objects in C (Vα, Vβ), thus
the first statement is well-known (see [27, 29]). If 〈α, β〉 > 0, then one can use a similar
proof as that for Proposition 3.2 in Section 5 or Section 6 to obtain the result. 
8.2. Lusztig’s symmetries. First of all, let us recall the isomorphism between the
double composition algebra DE (A) := DE (modA) and the corresponding quantum
group Uq(g) (cf. [38]), which is defined on generators by
θ : DE (A) −→ Uq(g), u+i 7→ Ei, u−i 7→ −v−ǫ(i)Fi, Ki 7→ K˜i.
The notations used here for elements of Uq(g) are the same as those in [20, Chapter
3]. Lusztig [20, Chapter 37] defined four families of symmetries as automorphisms of
Uq(g), which are denoted by T
′
i,e and T
′′
i,e, where e = ±1 and i ∈ I.
In the left mutation formula in Proposition 3.2(i), Vα and Vβ are two simple Λ-
modules, say α = i and β = j. By the standard exact sequence
0 −→ Vj −→ Vγ −→ nVi −→ 0,
where n = −2(i,j)(i,i) , we obtain that dimkVγ = dimkVj + ndimkVi = ǫ(j) + nǫ(i).
Besides, ǫ(γ) = 〈γ, γ〉 = 〈j + ni, j + ni〉 = ǫ(j) + n · (i, j) + n2ǫ(i) = ǫ(j). So
−dimkVγ + ǫ(γ) = −nǫ(i). Hence,
θ(u−γ ) =
n∑
r=0
(−1)r(vǫ(i))n−r(−v−ǫ(i)Fi)(n−r)(−v−ǫ(j)Fj)(−v−ǫ(i)Fi)(r)
= (−1)n+1v−ǫ(j)
n∑
r=0
(−1)rv−rǫ(i)F (n−r)i FjF (r)i
= (−1)n+1v−ǫ(j)T ′i,1(Fj).
Since ǫ(j) = ǫ(γ), we obtain that
T
′
i,1(Fj) = (−1)n+1vǫ(γ)θ(u−γ ).(8.1)
Similarly, we obtain that (see also [7, 31])
T
′′
i,1(Ej) = v
−dimkVγ+ǫ(γ)θ(u+γ ).(8.2)
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In the right mutation formula in Proposition 3.3(i), Vα and Vβ are two simple
Λ-modules, say α = i and β = j. By the standard exact sequence
0 −→ mVj −→ Vλ −→ Vi −→ 0,
where m = −2(i,j)(j,j) , we obtain that dimkVλ = ǫ(i) + mǫ(j) and ǫ(λ) = ǫ(i), thus
−dimkVλ + ǫ(λ) = −mǫ(j). Hence,
θ(u−λ ) =
m∑
r=0
(−1)r(vǫ(j))m−r(−v−ǫ(j)Fj)(r)(−v−ǫ(i)Fi)(−v−ǫ(j)Fj)(m−r)
= (−1)m+1v−ǫ(i)
m∑
r=0
(−1)rv−rǫ(j)F (r)j FiF (m−r)j
= (−1)m+1v−ǫ(i)T ′′i,−1(Fj).
Since ǫ(i) = ǫ(λ), we obtain that
T
′′
i,−1(Fj) = (−1)m+1vǫ(λ)θ(u−λ ).(8.3)
Similarly, we obtain that (see also [7, 31])
T
′
i,−1(Ej) = v
−dimkVλ+ǫ(λ)θ(u+λ ).(8.4)
We remark that all four kinds of Lusztig’s symmetries have appeared in Equations
(8.1 − 8.4).
8.3. Double composition algebras for weighted projective lines. The compo-
sition algebra C(X) of coh-X is defined by Schiffmann [34] as the subalgebra of the
Ringel–Hall algebra H(coh-X) generated by uO(l~c), l ∈ Z; Tr, r ∈ Z>0 and uSij , 1 ≤
i ≤ t, 1 ≤ j ≤ pi − 1, which has been used to realize a certain “positive part” of the
quantum loop algebra of the Kac-Moody algebra associated to X.
Later on, Burban and Schiffmann [5] defined an extended version of the compo-
sition algebra, denoted by U(X) := C(coh-X) ⊗ K, where K is the group algebra
C[K(coh-X)]. They showed that U(X) is a topological bialgebra and then defined
DU(X) as its reduced Drinfeld double. Meanwhile, Dou, Jiang and Xiao [9] defined
the “double composition algebra” DC(X) of coh-X as the subalgebra of D(coh-X)
generated by two copies of C(X), say C±(X), together with the group algebra K.
Proposition 8.2. Keep notations as above. The following subalgebras of D(coh-X)
coincide: DC(X) = DU(X) = DE (coh-X).
Proof. It has been mentioned in [9] that DC(X) = DU(X). By [5, Corollary 5.23], the
subalgebra DU(X) is generated by u±O(~x), ~x ∈ L together with the torus K. Note that
each line bundle O(~x) is exceptional in coh-X. Hence by the definition of DE (coh-X),
it contains DU(X) as a subalgebra. On the other hand, since
⊕
0≤~x≤~cO(~x) forms
a tilting object in coh-X, they can be arranged as a complete exceptional sequence
of coh-X. Then by the Main Theorem we obtain that DE (coh-X) ⊆ DU(X), which
completes the proof. 
Remark 8.3. The above proposition shows that for the category coh-X, the reduced
Drinfeld double composition algebra DU(X) defined by Burban and Schiffmann, and
the “double composition algebra” DC(X) defined by Dou, Jiang and Xiao, both coin-
cide with the double composition algebra DE (coh-X) defined via exceptional objects.
Moreover, by Corollary 3.6, they can be generated by any complete exceptional se-
quence in coh-X.
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8.4. Composition Lie algebras for weighted projective lines. Now we consider
the composition Lie algebra L(R) := L(R(coh-X)) of coh-X. In Theorem 2 of [6],
Crawley-Boevey found a series of elements in L(R) to satisfy the generating relations
of the loop algebra of the Kac–Moody algebra associated to X. We emphasize that
the subalgebra of L(R) generated by these elements, which we denote by Lc(R), is
nothing else but the composition Lie algebra LE (R).
Proposition 8.4. Keep notations as above. Then Lc(R) = LE (R).
Proof. We first claim that LE (R) ⊆ Lc(R). In fact, note that Lc(R) contains the
elements u[M ] and u[TM ] for M = O,O(~c) or Sij, 1 ≤ i ≤ t, 1 ≤ j ≤ pi − 1. Moreover,
these elements form a complete exceptional sequence in the following way
(O,O(~c);S1,p1−1, · · · , S11; · · · ;St,pt−1, · · · , St1).
Hence the claim follows from Proposition 7.3.
On the other hand, we need to show that Lc(R) ⊆ LE (R). By definition we know
that c, h⋆0, e⋆r, f⋆r and ev0, fv0 belong to the LE (R) for r ∈ Z, v = ij, 1 ≤ i ≤
t, 1 ≤ j ≤ pi − 1. It suffices to show that the other generators of Lc(R) can be
generated by these elements. In fact, for any r 6= 0, h⋆r = [e⋆r, f⋆0] ∈ LE (R).
Moreover, by induction on the index j (we write ⋆ = i0 for convenience), we can
obtain evr , fvr, hvr belong to LE (R) for v = ij and r 6= 0 by using the relations
evr = [ev0, hv′r], fvr = [hv′r, fv0] (v
′ = i, j − 1) and hvr = [evr, fv0]. 
8.5. Bridgeland’s Hall algebras and Modified Ringel–Hall algebras. Let A
be a finitary hereditary abelian k-category with enough projectives. In order to give
an intrinsic realization of the entire quantized enveloping algebra via Hall algebras,
Bridgeland [2] considered the Hall algebra of 2-cyclic complexes of projective objects
in A, and achieved an algebra DHred(A), called the reduced Bridgeland’s Hall algebra
of A, by taking some localization and reduction. By [39, 40], DHred(A) is isomorphic
to the reduced Drinfeld double Hall algebra D(A). In order to generalize Bridge-
land’s construction to any hereditary abelian category A, Lu and Peng [19] defined
an algebra MHZ/2,tw,red(A), called the reduced modified Ringel–Hall algebra of A,
and proved that it is also isomorphic to D(A). Hence, our results can also be applied
to DHred(A) and MHZ/2,tw,red(A).
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